A spin-orbit coupled quantum wire, with one end proximate to an s-wave superconductor, can become a topological superconductor, with a Majorana mode localized at each end of the superconducting region. It was recently shown that coupling one end of such a topological superconductor to two normal channels of interacting electrons leads to a novel type of frustration and a quantum critical point when both channels couple with equal strength. We propose an experimental method to access this critical point in a single quantum wire and show its resilience to disorder.
A spin-orbit coupled quantum wire, with one end proximate to an s-wave superconductor, can become a topological superconductor, with a Majorana mode localized at each end of the superconducting region. It was recently shown that coupling one end of such a topological superconductor to two normal channels of interacting electrons leads to a novel type of frustration and a quantum critical point when both channels couple with equal strength. We propose an experimental method to access this critical point in a single quantum wire and show its resilience to disorder.
I. INTRODUCTION
There has recently been great interest in topological superconductor (TSC) quantum wires, which are predicted to host localized Majorana modes (MM's) at their ends.
1-3 Apart from being intrinsically fascinating, these exotic objects have potential applications as topologically protected qubits. 4, 5 Experiments on quantum wires with strong spin-orbit interaction (SOI), proximate to a superconductor and in a magnetic field, have shown some evidence for the MM, predicted to exist in the quantum wire where it extends past the edge of the superconductor.
7-9
Topological SN junctions are predicted to exhibit perfect Andreev scattering at low energies and a corresponding zero bias peak (ZBP) has been detected. However, other explanations of this anomaly have been proposed and the long-sought MM remains elusive. 10 An SN junction between a topological superconductor and two normal channels was studied theoretically in Ref. 11 . This could correspond to a Y-junction between a TSC and two normal quantum wires. It was shown that, due to electron-electron interactions, a novel type of quantum frustration occurs at low energies when the two channels are coupled to the MM with near-equal strength. Perfect Andreev reflection occurs in the more strongly coupled channel and perfect normal reflection in the more weakly coupled channel. This implies that the MM Y-junction acts as a very sensitive switch, a property of possible importance if a network of such junctions is assembled for quantum information processing. When the two channels couple with precisely equal strength, the frustration leads to a novel quantum critical point (QCP). An alternative realization of this 2-channel topological SN junction could be possible in a single quantum wire extending past the end of a superconductor, as in previous experiments, provided that both spin channels couple with equal strength to the MM. Due to the magnetic field, it is generally expected that only one channel couples to the MM, as discussed below.
We show here that it is possible to couple both spin channels to the MM if the magnetic field changes abruptly over a length scale L SN near the SN junction much smaller than the nanowire length L NW . By tuning the magnetic field, the coupling of the MM to both channels can be made equal and the quantum critical point studied by transport measurements. In Sec. II we discuss our experimental proposal and demonstrate its viability by numerical simulations of a clean non-interacting quantum wire. For non-interacting two-channel quantum wires we have recently shown 12 that the conductance is 2e
2 /h independent of the coupling strength of each channel to the MM and independent of disorder near the junction. In Sec. III we observe that deviations from this universal value of the conductance at low energies as the magnetic field is varied provide a signature of the interactions-induced quantum critical point. A number of Appendices provide additional details and discuss numerical methods and further experimental considerations.
II. THE THEORETICAL MODEL AND THE EXPERIMENTAL PROPOSAL
Keeping only 2 spin-split channels, the Hamiltonian for our proposed device, which is sketched in Fig. 1 , can be written
Here p = −i ∂ x and a sum over spin indices is implicit in the ψ † ψ term. We work in units where gµ B = 2, so B(x) is the Zeeman energy. The potential barrier, V (x), controls the transparency of the SN junction. The Rashba SOI corresponds to an electric field in the z-direction, between wire and the substrate. The actual directions A nanowire (N.W.) is contacted by an Ohmic contact (O.C.). A superconducting layer on top provides the proximity pairing and a magnetic layer underneath causes a phase transition into a TSC regime which ensures presence of a MM in the nanowire above the pinch off gate (V ). (b) Parameters of the corresponding tight-binding model, within the dashed box of (a) normalized to the half-bandwidth, t.
The chemical potential in the tight-binding model is µ tb = −1.98t so that a good approximation to a continuum model is obtained with µ = 0.02t. We assume an external magnetic field Bext in addition to the field produced by the magnetic layer shown here, with both fields parallel. Moreover, a constant SOI energy ESO/t = mα 2 /2t 2 ∼ 0.05 is assumed. Parameters of the model vary within a length scale LSN much shorter than the length of the wire LNW but slowly compared to the lattice constant, a. of the magnetic field and spin-orbit vector, α are unimportant provided that they are orthogonal to each other; in that case the Hamiltonian can always be mapped to the form of Eq. (2.1) by a unitary transformation. 6 The magnetic field B(x) and the proximity induced pairing strength of the quantum wire ∆(x), are assumed to vary rapidly, over a distance L SN , near x = 0. We must choose µ, B(x −L SN /2) ≡ B S and ∆(x −L SN /2) ≡ ∆ to obey B S > ∆ 2 + µ 2 , so that the superconducting portion of the wire is in the topological phase with a MM located near x = 0. This is indicated by the local density of states (LDOS) just to the left of the barrier, for the case of infinite barrier, V → ∞, sketched in Fig. 1(d) . The energy bands in the normal region are given by
and the corresponding 2-component wave-functions are e ipx χ p,± where the two component spinors χ p,± are given explicitly in Appendix A. Thus, if B is uniform, only one band is occupied in the normal region. However, if B(x L SN /2) ≡ B < µ, both bands are partially occupied and it is possible to access the QCP. The needed abruptly changing magnetic field might be achieved by proximity to a ferromagnetic layer terminating at x = 0, with spins oriented perpendicular to the quantum wire. Another possibility might be to cloak the quantum wire in a thin superconducting layer which might act as a nano-solenoid and could trap some flux during cool down.
We calculate the sum of the current flowing in both channels in the normal region, far to the right of the SN junction, at zero temperature, in linear response to a voltage applied at x L SN /2 to either channel. The corresponding linear conductances at T = 0, ignoring interactions, are
Here r ee ji and r he ji are 2 × 2 matrices, in the space of the two channels. They give the amplitude for an incoming electron of zero energy in channel i to be scattered as an electron or hole in channel j, multiplied by a factor of v i /v j where v i are the Fermi velocities for each channel (Appendix A).
A. Feasibility of tuning to the equal-coupling point
In the limit of weak tunnelling between superconducting and normal side, and therefore weak coupling of the MM to the normal wire, we find that both channels couple with equal strength to the MM, when the magnetic field is zero on the normal side. This limiting result can be understood by the fact that in this regime, the coupling is simply the overlap between wavefunctions of the MM and the two gapless channels with proper boundary conditions, each obtained separately in absence of the other. In absence of the magnetic field the two channels in the normal region are eigenstates of σ y , meaning that they can be written as
On the other hand since the BdG Hamiltonian is real (Appendix A) the MM wave-function can be chosen to be real. Denoting the electron part of the MM wavefunction by the real vector w e (x), it follows that
and thus |t 1 | 2 = |t 2 | 2 . It can be shown 12 that this is equivalent to having equal conductances for the two channels G 1 = G 2 in the non-interacting case. Remarkably, this proof only assumes that the SOI is perpendicular to the magnetic field and has the same direction (not magnitude) on both S and N sides. Our numerical results indicate G 1 = G 2 also for a high smoothly varying barrier, V (x), leading to a weak coupling to the MM. However, the |t 1 | 2 = |t 2 | 2 condition is destroyed by a stray field on the normal side or by increasing the coupling to the MM, causing the lower subband [blue in Fig. 1(e) ] to couple more strongly to the polarized Majorana. Fortunately, this asymmetry can be compensated by applying a small external field of the opposite sign as confirmed by our numerical results.
B. Numerical analysis
Different numerical methods have been used to calculate the conductance of topological SN junctions.
19-23
We use an exact diagonalization method augmented by recursive calculation of self-energies, to calculate the differential conductance of a tight-binding model whose parameters are depicted in Fig. 4 (b). We have chosen the density and the rate of variation of the parameters to be 1/a, where a is the lattice spacing, so that a good approximation to the continuum model is obtained. The details of the method and the parameters used are described in Appendix B. The results of such a calculation for the parameters of Fig. 1 (b) are shown in Fig. 2 . Fig. 2(a) shows the computed channel-resolved differential conductance as well the total conductance at zero temperature, which all exhibit a zero bias peak inside the gap. The total conductance becomes 2e
2 /h at zero bias as expected from topological arguments. 12 We have chosen B(x) = B M (x) + B ext where the function B M (x) is a smoothed out step function representing the contribution of the ferromagnet and B ext is an adjustible parameter corresponding to an externally applied field. Note that the zero bias conductance are not the same when external magnetic field is zero. As B ext is varied, we see from 
III. INTERACTING CASE AND THE ACCESS TO THE QUANTUM CRITICAL POINT
We now consider the effects of electron-electron interactions in the normal part of the wire, turning it into a 2-channel Luttinger liquid (LL) and show that the lowenergy Hamiltonian of the normal side reduces to the form considered in Ref. 11 . We start with Eq. (1) and the interaction
Denoting two Fermi momenta with k F j , the Fermi velocities with v F j and the wavefunctions on the space of two modes with the short-hand notation χ j ≡ χ jk F j ,
where ψ Rj and ψ Lj are right/left movers of channel j. Inserting this into the Eq. (2.1) for x > 0 we arrive at the Hamiltonian density
hereṼ (k) is the Fourier transform of the interaction potential V (x). The overlap parameters O n are given by
Using bosonization
with ϕ and θ bosons satisfying
we arrive at
This is similar to the Hamiltonian of Ref. 11 except the additional U ϕ (which was set to zero there) and the sineGordon Z-term. This term is produced here by double channel-flip scattering process with the fermionic repre-
in the last two lines of Eq. (3.4) and η is a cut-off dependent constant (see below). Other parameters are
Ref. 11 diagonalizes this Hamiltonian by introducing new σ, ρ bosons which are related to the original bosons by
The parameters r and β (denoted α in Ref. 11) depend on the asymmetry and interactions between the two channels and are obtained from
14)
The Hamiltonian density becomes
K σ , K ρ are the Luttinger parameters for the bosons θ σ and θ ρ and they are obtained from
and
A. Double channel-flip scattering term
The Z term in Hamiltonian (3.8) corresponds to correlated scattering of two electrons from one channel to the other, so that the momentum is conserved (Fig. 3) and may in principle gap out one superposition of the ϕ σ and ϕ ρ bosons. The scaling dimension of this interaction is
We have calculated this dimension numerically and confirmed that d Z > 2 away from the bottom of the bands for a large class of interaction potentials. For the special case of B ≈ 0 on the normal side that we are interested in, the two Fermi velocities are equal v F 1 = v F 2 = v F and we obtain r = 1, β = π/4 and thus d Z = 2/K σ . On the other hand, for K σ we obtain
Thus d Z > 2 and the bulk interchannel pair tunneling term is irrelevant and can be ignored at low energies. We expect this result to be still valid at small B. of decoupled channels, the corresponding conductance at the A × N fixed point, for an infinite interacting wire 
For the case of decoupled channels,
giving the expected results. It can be seen
11 that e 2 /(hG A×N ) and e 2 /(hG N ×A ) are the RG scaling dimensions of the tunnelling terms to the MM, t 1 and t 2 respectively. It then follows that, in theexpansion limit, G A×N = G N ×A = e 2 /h.
C. Conductance at QCP
The attentive reader might be wondering how the critical point with equal tunnelling to both channels could be experimentally detected since only the total conductance is readily measured. Ignoring interactions, this total conductance is completely independent of the relative tunnelling amplitude at zero temperature, having the universal value 2e 2 /h. 12 Ref. 11 showed that this changes radically when interactions are introduced. For an infinitely long normal wire and generic parameters, the zero temperature conductance is maximal to one channel and zero to the other. This corresponds to a simple type of conformally invariant boundary conditions in the bosonized theory corresponding to perfect Andreev reflection boundary conditions for one channel and perfect normal reflection for the other, referred to as A × N and N × A boundary conditions. 11 The conductances at the A × N and N × A fixed points, G A×N and G N ×A , depend on the bulk Luttinger parameters. As the relative strength of the tunnelling to the two channels is varied, a quantum critical point (QCP) occurs when they exactly balance. At this QCP the zero temperature conductance attains a special universal value, G C , depending only on the bulk parameters of the 2-channel Luttinger liquid. So far G C has only been obtained [11] using " -expansion" methods when the repulsive interactions in the quantum wire are strong enough that the tunnelling to the MM is barely relevant in the renormalization group sense, with the tunnelling from channel j having scaling dimension j where 0 < j 1. In this limit, G C = (e 2 /h)(2π) 2 ( 1 + 2 )/F(ν) e 2 /h. Here ν is one remaining parameter depending on the bulk interactions in the LL, and the function F(ν) was calculated in Ref. 11 . On the other hand, in this limit,
2 /h as we saw in the previous section. For realistic interaction strengths we thus might expect the zero temperature conductance to have two different constant values, depending on which channel couples more strongly to the MM, with an abrupt dip at the QCP (Fig. 4) . Calculating the value of the conductance at the QCP accurately for general bulk parameters should be possible using the Density Matrix Renormalization Group technique. 27 Alternatively, it is possible that the exact value could be found using boundary conformal field theory methods. More realistically, the normal part of the quantum wire will have a finite length, L, eventually contacting an Ohmic contact. This introduces another energy scalev/L wherev is of order the velocities in the interacting wire. Ignoring back-scattering at this contact, below this energy scale, the conductance is expected to exhibit non-interacting behaviour, taking the universal value 2e 2 /h. Observing the QCP still remains possible at energy scales, E v/L, where E can be controlled by source-drain voltage, temperature or frequency.
26

D. Disorder and boundary interactions
Finally, we turn to the combined effects of bulk interactions in the normal wires and disorder near the SN junction. Since we are discussing the low energy conductance, we may use the low energy effective Hamiltonian. Assuming the wire is clean beyond a length scale , at energy scales E v/ , we may represent the disorder by function of the coupling asymmetry t1 − t2. Whereas non-interacting theory (blue) predicts a coupling independent quantized conductance, the interacting theory (red) predicts a suppression of the conductance at the quantum critical point t1 = t2.
In the non-interacting case, we have recently shown explicitly 12 that H d has no effect on the zero energy conductance. Now consider the interacting case. The stability of the A × N and N × A fixed points against arbitrary boundary interactions, for a range of bulk LL parameters, was proven in Ref. 11 where it was conjectured that whenever the N × N fixed point (corresponding to zero tunnelling to the MM) is unstable and both A × N and N × A fixed points are stable, the QCP exists. This argument can be further substantiated by analyzing the RG scaling dimensions of perturbations at the QCP using the -expansion. These are only perturbed by O( ) from their values at the N × N fixed point. As shown in Ref. 11, for small positive there is one further condition on the bulk LL parameters, |ν| < 1, for the QCP to occur at weak coupling, where
The M 12 interaction in Eq. (3.21), corresponding to interchannel normal reflection, has RG scaling dimension 2 + ν and the ∆ interaction, corresponding to inter-channel Andreev reflection, has dimension 2−ν, at small i . Thus they are both irrelevant (with dimension > 1) whenever the QCP occurs at weak coupling. This eliminates 4 of the 6 real parameters in H d . The other two terms in H d are proportional to M 11 dθ 1 /dx + M 22 dθ 2 /dx in the bosonized model. These can be eliminated from the Hamiltonian by shifting the θ i (x) fields by step functions:
with ζ i ∝ M ii and H(x) the Heaviside step function. This shift can be used to eliminate these terms from the Hamiltonian before treating the coupling to the MM, so that they do not need to be considered at the QCP.
IV. CONCLUSION
Confirming the existence of a Majorana mode at a topological SN junction remains an outstanding experimental challenge. We have shown how its presence might be confirmed by probing a novel critical point which it induces when the corresponding Majorana mode couples with equal strength to both channels of a Luttinger liquid and suggested an experimental set-up for doing so.
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where the indices a, b = 1, 2, 3, 4 and we introduce 4 component Pauli matrices, τ which act on the particlehole sectors
et cetera. 0 and 1 are 2 × 2 zero and unit matrices. In terms of these operators, the second quanitized Hamiltonian of Eq. (1) can be written
where the Bogliubov-DeGennes (BdG) Hamiltonian is
(A6) Here σ i and τ i for i = x, y, z are pauli matrices in spin and particle-hole bases, respectively and we have chosen ∆(x) real and positive for convenience, which can always be done by redefining the phases of the fermion fieids. Note that the single-particle Hamiltonian H has the electronhole symmetry
and also it is real H * = H, considering that p = −i ∂ x . The Rashba SOI corresponds to an electric field in the z-direction, between wire and the substrate. More generally it can point to other directions and as long as it is perpendicular to the magnetic field, the problem can be transformed to the convenient from given by Eq. (A6) by a rotation around the magnetic field direction.
We first consider the eigenstates and eigenvalues of the BdG Hamiltonian, H in the asymptotic region, deep inside the normal wire where ∆(x) = V (x) = 0 and B(x) = B. Then the eigenstates and eigenvalues can be written in terms of those of the 2-component Hamiltonian describing electrons only (not holes)
The energies are given by Eq. (2) of the paper and the corresponding 2-component wave-functions are e ipx χ p,± , where up to normalization factors
We henceforth assume unit normalization
Note the important property
For a given energy, E, the 8 eigenstates of the BdG Hamiltonian in the large x region are given by Eq. (2) of the paper and Eq. (A9) with momenta, ±p e± , ±p h± , for particle and hole solutions respectively. Here p e/h± are the positive momentum solutions of
The most general eigenstate of energy E in the asymptotic region is (p = k)
Note that χ 1 and χ 2 are not orthogonal spinors, being eigenstates of (Bσ z + αpσ y ) with different values of p. We use
to rewrite this as:
Next, solving Eq. (A23), we find
Substituting this into Eq. (A24) gives zero.
S-matrix
The right-moving components of the asymptotic wave-function are linearly related to the left-moving components by the 4×4 reflection matrixr defined by b =r a. Note thatr can be decomposed into four 2 × 2 blocks wherer eh gives the amplitude for a right-moving hole to reflect as a left-moving electon et cetera:
Requring Eq. (A21) to be true for arbitrary incoming wave-function amplitudes, a implies the conditions on the reflection matrix:
where we have defined
It is convenient to define a unitary rescaled reflection matrix:
The electron-hole symmetry property of the BdG Hamiltonian, imply that the BdG wave-functions of positive and negative energies are related by:
Eq. (A11) then implies that the amplitudes of the asymptotic wave-function in Eq. (A14) are related by
Thus the reflection matrix obeys the electron-hole symmetry:r
or equivalently:
Noting that v e± (E) = v h± (−E), we see that the same relation is obeyed by r:
Open boundary condition
When the normal wire is disconnected from the superconductor r is block-diagonal and r ee is given bỹ
The other two components can be obtained from 1 ↔ 2 substitution. The wavefunction of the two channels in the normal side, with open boundary conditions are
One special case is when B = 0, for which r ii = 0, r 12 = −1 and χ 1 = χ * 2 independent of the momentum. Hence
and they obey f
Denoting BdG quasi-particles by ψ † α = j C † j w jα with energy E α , we can diagonalize the particle-hole symmetric Hamiltonian if w jα satisfies the BdG equation
In the translationally-invariant case, k is a good quantum number (w nk = w k e ink ) and the dispersion is obtained by the solution to H k w k = E k w k where
Self-energies
Green's function matrices can be defined for the C n operators using G nm (t) ∝ C n (t)C † m (0) . In particular the local density of states can be extracted from the diagonal elements of the retarded function. For a semiinfinite chain defined on sites n ≥ 1 with site-independent parameters h and t, this Green's function obeys the relation
The self-energy is produced by electrons tunnelling to the second site, spending some time there or possibly moving to other sites and back. Removing the first site, we get the same chain we began with and therefore, the the selfenergy is
producing a recursive equation for the Green's function matrix of the first site. Eq. (B7) can be conveniently derived, for example, from an imaginary time Feynman path integral representation. Since the action is quadratic, we may exactly integrate out the fermion fields on all sites n ≥ 2. This produces an extra term in the effective action for site 1:
where G M 22 (iω n ) is the Matsubara Green's function for the fermions at site 2 in a semi-infinite chain beginning at site 2 and ω n ≡ π(2n + 1)T . However, since the chain is semi-infinite and h and t are site independent, it follows that
Thus we see that the self-energy of the Matusbara Green's function at site 1 is
Continuing the Matsurbara Green's function to real frequencies, ω, gives the retarded Green's function, and hence Eq. (B7).
The solution to this recursive equation is obtained by finding eigenvalues/vectors of the matrix D defined as
in which
These eigenvalues/vectors are arranged in matrices U and Λ according to
Proof -First, note that the recursive formula for the Green's function implies that t † G satisfies the equation
Writing the two components of the Eq. DU = UΛ,
Combination of these gives
which can be written as of Eq. (B14)
Comparing the two and noting that U 21 Λ 1 U −1 21 = U 11 Λ 1 U −1 11 we arrive at the result of Eq. (B13). Figure 5 shows this function at the end of a semiinfinite chain with Rashba SOI and s-wave pairing as a function of energy and the Zeeman splitting, for the parameters considered in this paper. Note that the superconducting gap closes by turning on the Zeeman field and re-opens with an additional MM at zero energy.
Exact diagonalization and the reflection matrix
We consider an SN junction embedded in an infinite system. The effect of normal/superconductor semiinfinite leads can be taken into account using the selfenergy matrix. This method is an effective way to integrate out both gaped and gapless leads and it helps to avoid the problem of finite size effect and/or the necessity of diagonalizing very large matrices. The solution to 
Parameters
For the parameters we use similar values as those reported in Ref. 7 . In this experiment an InSb nanowire has been used with the effective mass m * = 0.015m e . The proximity to NbTiN superconducting electrodes produced an induced gap of ∆ ∼ 250µeV. The g-factor is g = 50 and B S ∼ 0.15T ∼ 217µeV (we take gµ B /2 = 1). Also α ∼ 0.21eVÅ, leads to E SO = m * α 2 /2 2 ∼ 50µeV. In order to simulate this system with a tight-binding model, we note that a tight-binding model with hopping parameter t and lattice constant a, at low filling fractions approximates a parabolic dispersion with the effective mass m * = 2 /2ta 2 . For example taking t = 10meV and a = 15nm produces the desired effective mass. 22 Therefore, measuring all the energy scales and length scales in units of t and a, respectively, we set α/ta = 0.14, ∆/t = 0.025, µ/t = 0.02. However, for the B-field we choose B/t = 0.05 in the superconducting side to be deep into the topological state as opposed to the too low value of 0.0217 used in the experiment 7 (Fig. 5 ).
